Abstract. The spectral function 6{t) = exp(-fA"), where are the eigenvalues of the Laplace operator A = X^=1(<9/3x')2 in the x'x2-plane, is studied for a general convex domain Q c R2 with a smooth boundary dQ together with a finite number of piecewise smooth impedance boundary conditions on the parts rlt...,rm of dQ such that dQ = IJJLi 0-1. Introduction. Let Q C R2 be a simply connected bounded domain with a smooth boundary dQ. Consider the impedance problem
Sleeman and Zayed [4] have recently discussed the problem of determining the geometry of Q as well as the impedance y from the asymptotic expansion of the trace function m~to-ru^+a°+^{'i*y'2Lk2i°)d''+0U> as'"a (1 '6) In these formulae, |ft| is the area of ft, |dft| is the total length of 3ft and k(o) is the curvature of dQ. The constant term ao has geometric significance, e.g., if ft is smooth and convex then a0 = 5 and if ft is permitted to have a finite number H of smooth convex holes, then a0 = (1 -H)\. The object of this paper is to discuss the following problem: Suppose that the eigenvalues (1.3) are known exactly for Eq. (1.1) together with the impedance boundary conditions JL + y7) M = ° on Tj, j = (1.7)
where the boundary <9 ft of the domain ft consists of a finite number of parts ..., Ym such that <9ft = (J^l, Fy. while d/drij denote differentiations along the inward pointing normals to Tj, and are positive constants. The basic problem is that of determining the geometry of ft as well as the impedances y\,...,ym from the asymptotic form of the spectral function d(t) for small positive t.
2. Statement of results. Suppose that the parts Fi,...,rm of the boundary dQ are given locally by the equations xn = y"((Jj), n = 1,2, j = in which Oj are the arc lengths of the counterclockwise oriented boundary and yn((Jj) € C°°(ri). Let L\,...,Lm be the lengths of the parts H,..., Ym, respectively, and let be the curvatures of H,..., Tm, respectively. Then, the results of our problem (1.1), (1.7) can be summarized in the following cases. With reference to formulae (1.5), (1.6) the asymptotic expansions (2.1)-(2.3) may be interpreted as follows:
(i) £2 is a convex domain and we have the impedance boundary conditions (1.7) with small/large impedances as indicated in the specifications of the four respective cases.
(ii) For the first three terms, ft is a convex domain of area |ft|.
In Case 2.1, it has H = 3/7r XZy=i 7j^j holes, the parts Tj, j = 1,..., k of lengths with Dirichlet boundary conditions, provided H is an integer. In Case 2.3, it has no holes (i.e., H = 0), the parts Tj, j = 1,..., m of lengths / kj(Oj) do j ry + ^ 1 lr j= together with Dirichlet boundary conditions. In Case 2.4, it has H -2>/n J^jLi VjLj holes, the parts Tj, j = 1,..., m of lengths H/li Lj with Neumann boundary conditions, provided H is an integer.
We close this section with the remark that, the author [7] has recently discussed problem (1.1), (1.7) in its special case when m = 2 and has obtained results which are in agreement with the above results (2.1)-(2.3).
3. Formulation of the mathematical problem. Following the method of Kac [1] and following closely the procedure of Sec. 3 in Zayed [7] , it is easy to show that 6{t) is given by 0{t) = JJ^G(x,xj)dx (3.1) where C?(xi,x2;0 is Green's function for the heat equation
dt.
subject to the impedance boundary conditions (1.7) and the initial condition
3) (-»o where <5(X) -x2) is the Dirac delta function located as the source point x2. Let us write G(xux2-,t) = G0(x!,x2;/) + *(xi,x2;f), (3.4) where o G0(xi,x2;0 = (47it)~l exp|-^'4/X^ j. (3) (4) (5) is the "fundamental solution" of the heat equation (3.2) while ^(xi,x2;/) is the "regular solution" chosen so that G(xi,x2;?) satisfies the impedance boundary conditions (1.7).
On setting Xj = X2 = x we find that where 6{t) = ^-t+K{t), (3.6)
In what follows we shall use Laplace transform with respect to t and use s2 as the Laplace transform parameter; thus we define
An application of the Laplace transform to the heat equation (3.2) shows that G(x!,x2;52) satisfies the membrane equation
together with the impedance boundary conditions (1.7). The asymptotic expansion of K(t) as t -► 0 may then be deduced directly from the asymptotic expansion of K(s2) as 5 -► 00, where K(s2) = JJ^x(x, x;s2) dx. is the distance between the points xj = (x},x2), x2 = (x^x2) of the domain Q and K0 is the modified Bessel function of the second kind and of zero order. The existence of this solution enables us to construct integral equations for (7(xi,x2;s2) satisfying the impedance boundary conditions (1.7) for small/large impedances Therefore, Green's theorem gives On applying the iteration method (see [4, 7] ) to the integral equation (4.1), we obtain the Green's function (j(xi,x2;s2) which has the regular part Similarly, we can find x(xi,x2',s2) for the other three cases. On the basis of (4.4) the function /(x1;x2;52) will be estimated for large values of 5 together with small/large impedances y\,...,ym. The case when X] and x2 lie in the neighbourhood of the parts H,..., Tm of dQ. is particularly interesting. To this end we shall use coordinates similar to those obtained in [4, 7] as follows:
5. Differential geometry of the boundary. Let tij, j = 1 be the minimum distances from a point x = (x\x2) of the domain Q to the parts Tj, j = 1 m of dQ, respectively. Letters n,(oy), j = 1 denote the inward drawn unit normals to Tj, j -1,..., m, respectively. We note that the coordinates in the neighbourhood of T, and its diagrams are in the same form as in Sec. 3 of [4] with the interchanges a <-> Oj, n *-* rij, h <-► hj, I
Ij, C(I) <-> C(/;) and S <-+ Sj. Thus, we have the same formulae (3.1)-(3.4) of Sec. 3 of [4] with the interchanges c(a) kj(aj), n +-► n}, and n(ff) <-► n_,(o)). when the distance between y and y' is small, follows directly from the knowledge of the local expansions of the functions (6.1). This follows from the definition of -functions (see [4, 7] ) in small domains C(Ij), j = 1 Thus, using methods similar to those obtained in Sees. 6-10 of [4] , we can show that the functions (6.1) are ^-functions with degrees 1 = 0, -1, respectively. Consequently, for small impedances y} the functions (6.2) are eA-functions with degrees A = 0, -1 while for large impedances yj the functions (6.3) are ^-functions with degrees A = 0, 1, respectively.
Definition. If x1;x2 are points in large domains Q + r7, j -1 then we define fi2 = mm(rx,y + rXiy) if y e Tj, j = 1,..., k and Rl2 = min(rx,y + rX2y) if y € Tj, j = k + 1,..., m.
An i?*(xi,x2;.s)-function is defined and infinitely differentiable with respect to xi and X2 when these points belong to large domains Q + except when xi = x2 e r,, j = 1
Thus the ^-function has a similar local expansion of the ^-function (see [3, 4] ). By the help of Sees. 8, 9 in [4] it is easily seen that formula (see [4] ) when r12 or Rl2 tends to zero, then we have the asymptotic formulae (6.6) and (6.7) with pn in the small domains cases being replaced by rl2 or R!2 in the large domains £2 + Tj, j = 1 Similar formulae for the other three cases can be found.
7. Construction of our results. Since for £2 > hj > 0, j = 1 the functions Xj(x,x4,s2) are of order 0(e~2sA'h'), the integral of the function ^(x,x;52) over the domain can be approximated in the following way (see ( 
